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ABSTRACT

A multigrid finite-difference solver is developed for the Helmbholtz equation on the sphere. The finite-difference
grid resolution is constant in the latitudinal direction and variable in the longitudinal direction so as to keep
the physical gridpoint spacing approximately uniform over the sphere. The cpu time per grid point required to
reduce the residual by a given amount is independent of grid resolution. The discretization error is slightly
worse than second order as a result of the variable grid spacing. The method should be applicable to general
elliptic equations on the sphere and should be useful for problems where uniform grid spacing is disadvantageous.

1. Introduction

Geophysical problems often require the solution of
elliptic equations in spherical coordinates, such as the
Helmbholtz equation,

VA -\ =f(9, 0) (1)

where ¢ is longitude and 8 is latitude. Many different
numerical methods have been devised for solving (1)
approximately, including spectral, finite-difference, and
finite-element techniques. All numerical methods con-
vert the continuous problem (1) into a discrete set of
N algebraic equations in N unknowns. Two critical
measures of the efficiency of a numerical method are
the number of computations required per unknown
and the amount of memory needed to carry out the
computations.

Methods for solving the discrete problem can be
broadly divided into direct and iterative solvers. Spec-
tral methods are usually direct solvers, while finite-dif-
ference and finite-clement methods can be either direct
or iterative. Direct solvers tend to be fast, requiring
O[N log(N)] operations, but typically needing O
(N?/?y memory. Classical iterative solvers, such as
Gauss-Seidel iteration or successive overrelaxation
(SOR) are compact, requiring only O(N) storage, but
are usually slow, needing O(N3/?) or O(V?) operations
to converge to a solution.

Multigrid solvers are a new class of iterative solvers
for elliptic problems introduced by Brandt (1977).
They have proven to be optimally efficient in terms of
both computation and memory, requiring O(N) op-
erations and O(N) storage, for a wide variety of prob-
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lems, including problems for which direct solvers are
inefficient. The advantages of multigrid solvers hold
even for small problems, not merely asymptotically.
As a result, multigrid methods are as fast or faster than
comparable spectral or finite-difference direct solvers
for a given N and require much less memory for large
problems.

Multigrid solvers that can be applied to elliptic
problems in spherical coordinates have been developed
recently. The MUDPACK package developed by Adams
(1989) at NCAR is a general-purpose elliptic solver
that can be applied on a regular latitude-longitude grid
on the sphere. Because the latitude-dependent coeffi-
cients in the Laplacian can slow the convergence of
the iteration at different latitudes, Barros (1990) op-
timized the convergence of the multigrid iteration on
the sphere by dividing the grid into subdomains (high
and low latitudes) and using the optimum relaxation
method in each domain. Both these methods require
regularly spaced latitude-longitude grids, which can
cause difficulties near the pole in some cases as a result
of the convergence of the meridians.

An alternative to using different relaxation methods
in different latitude zones is to vary the grid point spac-
ing so as to keep the coeflicients of the relaxation op-
erator approximately constant. This paper presents a
multigrid finite-difference method for solving the
Helmholtz equation in spherical coordinates that uses
a semiregular grid. In the method presented here, a
simple pointwise relaxation method is used everywhere,
but the grid resolution is adapted locally to the Lapla-
cian operator. The method was developed for use in a
two-dimensional, time-dependent energy balance cli-
mate model, where an elliptic problem had to be solved
at each time step. The method may have uses in hy-
perbolic problems with elliptic components, where
avoiding the convergence of the grid points near the






